ABSTRACT. Let (X, L) be a polarized manifold over the complex number field with dim X ≥ n. In this paper, we consider a conjecture of M. C. Beltrametti and A. J. Sommese and we obtain that this conjecture is true if n ≥ 3 and h 0 (L) ½ 2, or dim Bs jLj Ä 0 for any n ½ 3. Moreover we can generalize the result of Sommese. 0. Introduction. Let X be a smooth projective variety over the complex number field C with dim X ≥ n and let L be a (Cartier) divisor on X. Then (X, L) is called a polarized (resp. quasi-polarized) manifold if L is ample (resp. nef-big). Beltrametti and Sommese conjectured the following in their book (Conjecture 7.2.7 in [BS]):
But if L is nef-big, then there exists an example such that K X + (n 1)L is not nef but h 0 K X + (n 1)L Á Ù 0. So we propose the following conjecture for any quasi-polarized manifold:
CONJECTURE NB. Let (X, L) be a quasi-polarized manifold with dim X ≥ n ½ 2. If î K X + (n 1)L Á ½ 0, then h
We remark that Conjecture A is equivalent to Conjecture NB for any polarized manifold. In this paper, we will prove that Conjecture A is true if one of the following is satisfied:
(1) n ≥ 3 and h 0 (L) ½ 2, (2) Bs jLj is finite, and by this result, we can generalize a result of Sommese (Theorem 4.1 in [So2] ). I think that in order to prove Conjecture A for dim X ≥ n it is necessary to consider Conjecture NB for dim X ≥ n 1.
Furthermore we will propose a conjecture (Conjecture 3.8) which gives the relationship between h 0 K X + (n 1)L Á and g (L) . We use the customary notations in algebraic geometry.
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(2) For any quasi-polarized surface (X, L), there is a quasi-polarized surface (X 1 , L 1 ) and a birational morphism ñ: REMARK 1.5.1. Let (X, L) be a polarized manifold with dim X ≥ n and let (Y, A) be a minimal reduction of (X, L). Then h (1) h
PROOF (cf. PROPOSITION 3.5 IN [LP] ). It is sufficient to prove that condition (1) implies (2). By Riemann-Roch Theorem, Serre duality, and Kawamata-Viehweg Vanishing Theorem, we obtain h
Ä 1 and so we have g(A) Ä 1. But this is impossible since î(S) ½ 0. Hence î(S) ≥ 1. Let (S 1 , A 1 ) be an A-minimalization of (S, A) and let ñ:S ! S 1 be its birational morphism. We remark that
for any natural number m. 
(B) The case in which (S 1 , A 1 ) is a scroll over a smooth curve.
Let ô:S 1 ! B be the P 1 -bundle, where B is a smooth curve. Let E be a locally free sheaf of rank 2 on B such that E is normalized and S 1 ≥ P B (E). Let C 0 be a section of ô such that C 0 2 jO P B (E) (1)j, where O P B (E) (1) is the tautological line bundle on S 1 , and let F ô be a fiber of ô. We put e ≥ C 2 0 . Then A 1 Á C 0 +bF ô , where Á denotes the numerical equivalence and b is an integer. On the other hand, K S 1 Á 2C 0 + (2g(C) 2 e)F ô . 
where Irr(X) denotes the irrational locus of X.
PROOF. See Theorem 0.2.1 in [So2] . DEFINITION 1.11. Let X be a normal projective variety. Let r: X r ! X be a resolution of X. Then we say that the Albanese mapping is defined for X if there is a morphism å:X ! Alb(X r ) such that ã ≥ å Ž r, where Alb(X r ) denotes the Albanese variety of X r and ã:X r ! Alb(X r ) is the Albanese map of X r . In this case, å and Alb(X r ) are independent of the resolution of X. 
LEMMA 1.12. Let X be a normal projective variety and let X r be a resolution of X. If h
1 (O X ) ≥ h 1 (O X r ),
The case in which dim
Let jMj be the movable part of jLj, and let Z be the fixed part of jLj. Let ñ:X 0 ! X be a birational morphism such that Bs jM 0 j ≥ û, where M 0 is the movable part
Since Bs jM 0 j ≥ û, by Bertini's theorem, a general member D 0 of jM 0 j is smooth.
We remark that D 0 is not irreducible in general. Let S 0 be one irreducible component of
For any natural number m,
By Lemma 1.7, we obtain h
Next we consider the following exact sequence:
By Kawamata-Viehweg vanishing Theorem, we have h
This completes the proof of Theorem 2.1.
REMARK 2.2. By the same argument as the proof of Theorem 2.1, we can prove the following: Let (X, L) be a quasi-polarized manifold with dim X ≥ n and h 0 (L) ½ 2. Assume that Conjecture NB is true for any quasi-polarized manifold (Y, A) with dim Y ≥ n 1 and h PROOF. We use Theorem 1.6 and its notations.
(b0-1) The case in which (X, L) is a Del Pezzo manifold:
(b1-1) The case in which (X, L) is the type b1-v) in Theorem 1.6: (See (13.10) in [Fj0] , or x 3 in [Is] .) Let H ≥ K X + 2L. Then (X, H) is a scroll over a smooth curve C.
Let E be a locally free sheaf of rank 3 on C such that X ≥ P C (E) and H ≥ O P C (E) (1), where O P C (E) (1) is the tautological line bundle on P C (E). Let e ≥ deg E. Then L ≥ 2O P C (E) (1) + ô Ł (D), where ô:X ≥ P C (E) ! C is the natural projection and D is a divisor on C such that deg D ≥ g(C) + 1 (eÛ2). In particular e is even. By the above construction, h
By Riemann-Roch Theorem, we have
Hence e Ù 6g(C) 6.
PROOF. We remark that 2K X + 3L is nef in the case (b1-1). On the other hand,
Since 2K X + 3L is nef, we obtain that deg(2K C + 2 det E + 3D) ½ 0. Hence e ½ 2 since g(C) ≥ 0. This completes the proof of Claim 2.4.
The case in which (X, L) is the type b1-q) in Theorem 1.6: Let f : X ! C be the hyperquadric fibration, where C is a smooth curve. Then there is an embedding
is a locally free sheaf of rank n+1 and O P C (E) (1) is the tautological line bundle of P C (E). Then X is a divisor on P C (E) and is a member of j2O P C (E) (1) + ô Ł Bj, where ô:P C (E) ! C is the projection and Therefore by Serre duality,
On the other hand,
. PROOF. Let s ≥ 2e + (n + 1)b. Then s ½ 0 by (3.3) in [Fj2] . On the other hand, we obtain (n 1) By Claim 2.6, we obtain 2 2g(C) 2 + e + b
, and hence g(C) 1 + e + b Ù 0.
(b2) The case in which (X, L) is the type b2) in Theorem 1.6.
Let ô:X ! S be the P n 2 -bundle, where S is a smooth surface. Let
, where E is a locally free sheaf of rank n-1 and O P S (E) (1) is the tautological line bundle of P S (E). Then E is ample. By the canonical bundle formula,
Since K X + (n 1)L is nef, so is K S + det E. Hence î(K S + det E) ½ 0 and so we obtain h 0 (K S +det E) Ù 0 by Lemma 1.7 since det E is ample. Therefore h
This completes the proof of Theorem 2.3. (3) h
, then the following is equivalent to the above; (6) g(L) ≥ q(X).
PROOF. It is easy to prove that (1) ) (6), (1) ) (3), (1) ) (2), (2) ) (3), and (1) , (4) , (5) without the assumption that h 0 (L) ½ 2. By Corollary 2.7, we obtain that 3. The case in which Bs jLj is finite. In this section, we consider the case in which Bs jLj is finite. First we fix the notations used later.
NOTATION 3.1. Let (X, L) be a polarized manifold with dim X ≥ n ½ 3. Assume that Bs jLj is finite. Let S 1 2 jLj be a general member. Then S 1 is a normal Gorenstein projective variety with dim S 1 ≥ n 1 and dim Sing(S 1 ) Ä 0, where Sing(S 1 ) denotes the singular locus of S 1 . We remark that the base locus of L 1 ≥ L S 1 is finite. For i ≥ 2, . . . , n 2, let S i 2 jL i 1 jbe a general member. Then S i is a normal Gorenstein projective variety with dim S i ≥ n i and dim Sing(S i ) Ä 0 by Bertini's Theorem, and the base locus of L i ≥ L i 1 j S i is finite.
We remark that (S n 2 , L n 2 ) is a polarized surface, where S n 2 is a normal Gorenstein projective surface. Let r: S 0 n 2 ! S n 2 be a minimal resolution of S n 2 and L 0 L) is a scroll over a smooth curve. PROOF. We use Notation 3.1. First we have g(L) ≥ g(L 1 ) ≥ ÐÐÐ ≥ g(L n 2 ) by construction. By Lemma 1.10 (2) and Serre duality, we obtain that
by the above inequalities. Hence by Lemma 1.12, the Albanese mapping is defined for S n 2 .
n 2 ). On the other hand, since Bs jL n 2 j is finite, we have h
Hence î(S 0 n 2 ) ≥ 1. This completes the proof of Claim 3.3.
Since S 0 n 2 is a minimal resolution of S n 2 and L n 2 is ample,
n 2 ) is a scroll over a smooth curve since
CLAIM 3.4. S n 2 is smooth.
PROOF. Let ô:S 0 n 2 ! B be the P 1 -bundle structure, where B is a smooth curve. Let E be a locally free sheaf of rank 2 on B such that E is normalized and S 0 n 2 ≥ P B (E). Let C 0 be a section of ô such that C 0 2 jO P B (E) (1)j and e ≥ C 
n 2 is ample. So we obtain that S n 2 is smooth by the same argument as the case (1).
by r, then the Albanese mapping is not defined for S n 2 because C 0 is not contained in a fiber of ô. This is a contradiction. This completes the proof of Claim 3.4. By Claim 3.4, (S n 2 , L n 2 ) is scroll over a smooth curve since g( 
PROOF. We use Notation 3.1. Then S n 2 is a normal Gorenstein surface. By the Riemann-Roch Theorem for normal Gorenstein surfaces (see Theorem 0.6.2 in [So1] ), Serre duality, and Lemma 1.10, we obtain that h 
and h
nef. But this contradicts the hypothesis. This completes the proof of Theorem 3.5.
By the above Theorems we can prove the following: COROLLARY 3.6. Let (X, L) be a polarized n-fold with dim Bs jLj ≥ 0. Then the following are equivalent:
is a scroll over a smooth curve.
In fact, we can prove the following theorem. 
We assume h 
Á ½ g(L) q(X).
This conjecture is true if one of the following is satisfied;
(1) dim Bs jLj Ä 0.
(2) dim X ≥ 2.
(3) (X, L) is a minimal reduction model and K X + (n 2)L is not nef. We will study this conjecture in a future paper.
